CONTROL SYSTEMS - Fall 2008
Problem Set 2 Solutions

1. The eigenvalues are
A =4, =1

Their corresponding eigenvectors are

Then solving the equation

we have
8 1

Thus the modal decomposition is given by
8 4|1 1,1 1
:U(t)—ge [1:|+§6 [_2]
2. (a) If 299 = 0, then for z19 > 0, x1(t) — 00 as t — oo, and for for x19 < 0, z1(t) — —o0 as
t — oo. Similarly, if 219 = 0, z2(t) — 0 as t — oo for all x99 # 0. The sketch of the solution

trajectories are given below.
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Figure 1: Solution trajectories starting on the x; or xo axes



so that
x1(t)z2(t)? = 10259 = ¢

A sketch of the trajectories for ¢ = 0.5 and ¢ =1 is given in the following figure.
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Figure 2: Solution trajectories not starting on the z; or zo axes

(c) It is straightforward to verify that

o201
P _[11

z and x are related through z = P~'z. Hence
21 = 2w1 + X

Z9 = X1 + T2

If z1 = 0, the zo axis corresponds to the line o = —2x1 in the x1 — xo plane. Similarly, the
z1 axis corresponds to the line xo = —xy. Along the line x9 = —2x1, solution trajectories
converge to 0, while along the line z9 = —x1, solution trajectories diverges from 0. The
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rest of the solutions trajectories transform from the z; — 29 plane to the 1 — x5 plane in a
similar manner. A sketch of the trajectories for is given in the following figure.

10 ! T T T !

3. We have:

(sI —A)(sI —A)L=1T
adj(sI — A)
det(sI — A)
(sI — A)adj(sI — A) =det(s] — A)I

(sI —A) =1

Write adj(sI — A) = > p_, Brs" * and det(sI — A) = s" + > 1, pps" " to get:

n n
(sI—A)Y Bps" F=TIs"+T> pps"*
k=1 k=1

n n n
Z Bksnfkﬂrl _ Z ABkSnfk = Is" + Z(pkl)snfk
k=1 k=1 k=1

n—1 n n
Z BkJrlSnik — Z AABksnilg =Js" + Z(pkl)snik
k=0 k=1 k=1

n—1 n—1

Bis" + Z(Bk-i-l — ABy,)s" % — AB,, = Is" + Z(pkl)s"_k +pnd
k=1 k=1

Equating powers of s, we will obtain:



By =1
Bri1=ABr+pel ; 1<k<n-1
AB,, + ppl =0

The first two equations can be solved recursively to determine By, k = 1,...,n. The matrix B,
thus obtained will satisfy the third equation by Cayley-Hamilton theorem:

A" + ipkAn_k =0

k=1
2 =2 3
A= 1 1 1
1 -1

s—2 2 -3

det(sI — A) = -1 s—1 -1
-1 -3 s+1

[s—2 2 -3

= det -1 s—1 -1

| 0 —s—2 s+2

[ s—2 -1 -3

= det -1 s—2 0

0 0 s+2

= (s+2)(s*>—4s+3)=(5s+2)(s—1)(s—3)
= 33—232—5s+6:s3+p182+p28+p3:P(S)

We use the results of problem 3 to determine B(s) = Bys? + Bas + Bs.

B =1
0 -2 3
By =AB1+pl =A—-2] = 1 -1 1
1 3 =3
[ 2 —2 3 0 -2 3
B3 = ABy + pol = 1 1 1 1 -1 1 — 51

103 1|1 3 -3

—4 7 —5

= 2 -5 1

2 -8 4

Combining, we find
=4 —2s+7 3s—5

B(s)=| s+2 s*—-s5-5 s+1
s+2 3s —8 s2—3s+4



(ii) To determine e?, we perform partial fractions expansion on the entries of (sI — A)~! and
then take inverse Laplace transform.

_ B(s
(sI —A)Y = L
p(s)
1 1 1 11 _5 2 11 1
2 2 _10_ 15 6 5 __ _15 3
s—3 + s—1 s—3 + s+2 s—1 s—3 s+2 + s—1
1 1 1 1 5 2 1 1
= 2 __ 2 _10_ _15 _6 5 __ 15 _ _3
s—3 s—1 s—3 + s+2 + s—1 s-3 s+2 s—1
1 1 1 14 5 2 14 1
2 _ 2 10 __ _15 _6 _5 15 3
s—3 s—1 s— s+2 + s—1 s—3 + s+2 s—1
Hence
1,3t 1.t 1 .3t 11 -2t 5.t 2.3t _ 11 _—2¢ 1t
3¢ T3¢ e+ 15€ 6¢ &€ ¢~ t3€
At _ (1.3t 1t 1.3t 1 -2, 5.t 2.3t —2t _ 1t
€ 56 — 56 EB + 1—56 + 66 36 — 1—56 — ge
1.3 1.t 1 3t 14 -2t 5, .t 2.3t 14 —2t 1.t
2¢ 2¢ 10° 156~ Tg€ F¢ Tt g5€ 3¢



