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1(i) (6 pts) The matrix 2 × 2 A is known to have an eigenvalue λ1 = −1 with corresponding eigenvector

v1 =
[

2
−1

]
, and an eigenvalue λ2 = 1 with corresponding eigenvector v2 =

[
5
−2

]
. Determine eAt.
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1(ii) (6 pts) Consider the linear system described by the equations

ẋ = Ax + Bu

y = Cx

where

A =


−2 1 0 0
0 −2 0 0
0 0 −3 1
0 0 0 −3

 B =


4 0 5
1 1 8
3 0 9
2 1 7

 C =
[
1 5 1 2
3 2 1 4

]

Let h(t) denote the impulse response matrix from u to y, with h(t) = CeAtB. Determine h22(t), the
(2, 2)th component of h(t).
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1(iii) (4 pts) For the system
ẋ = Ax, x(0) = x0 (1)

where

A =


0 1 0 0 0
−1 0 0 0 0
0 0 −2 0 0
0 0 0 0 1
0 0 0 0 0


find the set of all initial conditions x0 such that the resulting solution x of equation (1) will converge to
0 as t→∞.

2(i) (6 pts) Consider the following (A, b) pair:

A =


0 1 0 0
3 1 0 1
0 0 0 0
0 −2 0 0

 b =


0
0
0
1


Use the PBH test to determine whether or not (A, b) is controllable.
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2(ii) (5 pts) Consider the linear system ẋ = Ax + bu, x(0) = x0 with

A =
[
−α 0
2 −β

]
b =

[
γ − α

2

]
Determine necessary and sufficient conditions for (A, b) to be controllable in terms of the parameters α,
β, and γ.

2(iii) (5 pts) Let A be given by

A =

2 1 0
0 2 0
0 0 1


Can a column vector b be found such that (A, b) is controllable? Explain your answer.
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3. Consider the single-input linear system
ẋ = Ax + bu

with

A =

 1 0 0
0 0 0
0 0 2

 ; b =

1
1
2


It is desired to find a feedback gain kT such that the eigenvalues of A − bkT are placed at −1,−2,−3.
You must follow the steps below to find kT .

(i) (6 pts) Determine the nonsingular transformation V such that V −1AV, V −1b is in controllable
canonical form.

(ii) (6 pts) Using the results of (i), determine the desired feedback gain kT , and determine the closed
loop system matrix A− bkT . (Hint: You may find it easier to solve a linear equation than to invert
V ).

Page 6 of 9 pages



Page 7 of 9 pages



4. Consider the multi-input linear system
ẋ = Ax + Bu (2)

with

A =

 0 0 0
1 1 2
−1 1 0

 ; B =

0 1
1 0
1 0


Letting bi denote the ith column of B, the system equation (2) can also be written as

ẋ = Ax + b1u1 + b2u2 (3)

It is known that (A,B) is controllable, but (A, bi) is not controllable i = 1, 2. It is desired to find a
feedback gain K such that the eigenvalues of A−BK are placed at −1,−2,−4. Rather than using the
multivariable pole assignment algorithm, you are asked to exploit the structure of B to find K, following
the steps below.

(i) (2 pts) Choose a feedback gain kT
1 such that with u1 = −kT

1 x, the resulting system

ẋ = (A− b1k
T
1 )x + b2u2

=

 0 0 0
p1 p2 p3

0 0 −4

x + b2u2 (4)

Identify the coefficients p1, p2, p3.

(ii) (3 pts) Now choose a feedback gain kT
2 such that with u2 = −kT

2 x, the resulting system

ẋ = (A− b1k
T
1 − b2k

T
2 )x (5)

will have the eigenvalues of A− b1k
T
1 − b2k

T
2 located at −1,−2,−4. For this part, you may use any

method to find kT
2 . (Hint: It is probably easiest to set kT

2 =
[
α β γ

]
and determine α and β

directly.)

(iii) (1 pt) Using the results of (i) and (ii), find the gain K such that A−BK will have eigenvalues at
−1,−2,−4.
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