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1. Problem 3.1
(i)

(I+AB)(I - A(I+BA)™B) = I+ AB—-A(I+BA)(I+BA)™'B
= I

(i) (a)
(A+ BCD)™' = A Y(I+BCDA YH)!
= AYI-BC(I+DA'BC)"'DA™Y
= Al -A'B(C'+DAT'B)" DA™

(b) Identify A = Pl_l7 B=CT,C =R, D=C and applying (a) immediately gives the required
results.

()

PCTR™Y = pPCTR'-pPCcTcpC? + R CPCTR™!
PICTR™ — PCTR™Y (CPCTR + )" lcP,CTR™!
PICTR™YI — (CPCTR '+ 1)"lcP,CTR™Y
PCTR™YI+CPCTR™)™!

= pctcpct+R)!

2. Problem 3.2

(i) For g = 0, the Riccati difference equation is given by

Pri1 = a’pi — i _
+ prtr Pt
Hence
1]
Py = a2pk 2r

The equation in plzl, being linear, can be solved explicitly.
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For pg # 0, pr converges to 0 if |a| < 1, and converges to r(a? — 1) if |a] > 1. The algebraic Riccati
equation is given by

a2p7’

p

This gives two roots: p = 0 and p = r(a2 —1). For |a|] < 1, py converges to the unique positive
semidefinite solution of the ARE. For |a| > 1, py converges to the positive solution of the ARE,
even though the system is not stabilizable.

(ii) First note that
apy ar

a — =
Prt+T P+

Hence if py # 0, then for |a| < 1, p:ir converges to a, which is stable. For |a| > 1, p:_’;r

%, which is also stable. Since we have detectability but not stabilizability in this case, we conclude
that these conditions are sufficient but not necessary for stability of the time-invariant filter.

converges to

3. Problem 3.3

(i) As long as vy is uncorrelated with zy, the following relation for measurement update of error
covariance matrix holds.

Py = Pijr—1 — Pep—1CT (CPyp—1C" + HRH") "' CPyjjoy

(ii) To express Py in terms of Py, we proceed as follows.

(a) Do orthogonal projection of both sides of the output equation onto y*. This gives rise to
U — Oy = Hipp
= HE(d1)(CPue—1CT + HRH") gy
= HRH"(CPyp1C" + HRH") 'fiyj—1

Hence
(HRH") Nyx — Cépp) = (CPyp—1C" + HRH") i

(b) Substituting the results of (a) into the Kalman filter equations, we find

Tppap = Alpp + Gy,
= Ay + GTH (CPyrCT + HRH) ™ gyyp—y
=A@y +GTHT(HRH") (y, — Cayp.)

Define A = A — GTHT(HRHT)~'C. The estimation error equation is

Fpsrr = Adyy+ Guy— GTHT(HRHT) 'Huy
= AZyp + &

(¢) Now
E&el =GQGT — GTHT(HRHT)*HTTGT

Define G = G(Q — THT(HRHT)_lHTT)%. Then we can write

Tk = Ay, + G



with &, a white noise process with covariance equal to I. Note that & is orthogonal to Huy,
and hence also to yg. Therefore it is orthogonal to Zj;. Thus we find

< T T
which is the desired equation.

4. Problem 3.4
It is easilyvvevriﬁed that (C, A) is observable, hence detectable. Since T' = 1, we need to check stabiliz-
ability of A, G.
A=A-GTHY(HRHT) 'C

11
=A-G0= [ —0.5 0}

“=[0]

Hence (A, G) is stabilizable if and only if A is stable. Now the eigenvalues of A are at 0.5 & 0.5¢ which
are stable. (A, G) is therefore stabilizable. Using (ex3.1), the form of the algebraic Riccati equation, in
this case with G = 0, is given by

P = APAT — ApcT(CPCT + HRHT) 1CcPAT

while

By inspection P = 0 is a solution, and by Theorem 3.3, the unique solution positive semidefinite solution
in this case. The steady state Kalman filter equation is therefore given by

Tpyik = AZpp—1 + G(yp — CZppp—1)
(Why is this not unexpected?)
5. Problem 3.6
Yk = 2k + Vg
0.36(2 + 2 cosw)

D, =
@) 2.04 4+ 0.8 cosw + 2 cos 2w)
. 1 w 1 —iw
Do) — 035( +e')( te ) |
2.04 + 0.4(el + e7w) + (e 4 —i2w)
_ 0.36(1 + ™)(1 + e~™)
o (eP@ 4 0.2 + 1) (e~ 2w + 0.2 + 1)
If we use the realization
Tpy1 = Az + gwg
Zk = [1 O]xk = C(/Ek
0 1
A= [ S }
Then
z 1 -
i -1 — -
c(zI = 4) [t 0] [ 1 2402 ]
z4+0.2 1
B [ o2t ]
N 22402241
 [z+02 1]
224022 +1

3



S (z2402)g1 +gp=2+1 = g =1
92:0.8

yr = Cag + vg
Since wy and v are uncorrelated, we can write the steady state filtered estimate recursion in the form
Tpgrjpr1 = AZpp + L(yrs1 — CAZyp)

where L = PCT(CPCT + HRHT)~! and P is the steady state solution of the algebraic Riccati equation.
Solving for the steady state solution using Matlab gives (note that Matlab uses M to denote the matrix
L defined above):

p_ 1.1758 0.0855 I 0.5404
~ | 0.0855 0.81915 ~ | 0.0393

N R 0.5404 .
Tprr/ker = AT+ [ 0.0393 ] (Yrr1 — C Ay )

= (A- LCA)@k/k + Lyp41

B 0 0459 ] . 0.5404

= | =1 —0.2393 | "Rk T | 00393 | YR
oo [ 0 0459621 7 [ 0.5404
S Th/e = 271 _0.2393271 0.0393 | ¥

1 —045962-1 17" [ 0.5404
- [ 21 1402393271 ] [ 0.0393 }
1+40.23932z~1 0.4596271 0.5404
[ —z1 1 } [ 0.0393 } Yk
1+ 0.2393z-1 + 0.4596z 2
0.5404 + 0.14742~1
1+0.239321 + 0.45962

5 1
= Zk/k = Tpk = — Yk

Alternatively we could use the realization

Jo -1 [
Tl =1 1 g2 |["* T | 08 | Wk

ye = [0 1z + wg +vg
[0 1]xk + & E&w, =0.36

Thus
TH" =0.36
R R -1 _ R
Eryikrr = Eppn + PCHRHT + CPCT)  (ypr — Cpqayn)
(I = LC)Zpqayk + Lykta
But

Sppin = Adgy,+GTH (HRHT) My, — Ciypp)
= A#y) +GTHY(HRHT) 'y,
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Ery1kp1 = (I — LO) A&y, + (I — LC)GTHT (HRH™) 'yi, + Lyjia
H=1 T=036, G= [ 51 ] R=1.36

Pyi1k = AP AT + GG
Pios1/i = A(Piji—1 — Pojpo1CT (CPyy—1 CT + HRHT)'C Py i) A+ GGT

([0 —0.7353
A= [ 1 —0.4118 ]
¢ [0.0181 —0.7427
(I-LO)A = | 0.6521 —0.2574 ]

- -1
i -1 [ 1—2710.0181  0.7427z7!
F=z ((T=LOAT = | gesarzt 14025742
[1+o.2574z—1 —0.742727 ]‘1

0.652121 1—2710.0181
1+0.23932~1 + 0.45962—2

C(I —[(I = LCYA]z"Y) VL — 2~ Y(I - LC)GTHT (HRHT) ']y,
0.0181 —0.2609
-1 o -1 -1
[0.65212~" 1 —0.0181z] <[ 0.3749 } e [ 0.1324 D
1+0.23932~1 + 0.4596z 2

Wy, = GTH'(HRH") 'y, — Ciyp)
= L(yx — Cyp)

Finally,
Zpjk = Cp g + Wiy

and can be found by combining all terms needed!!

6. Problem 3.7

The augmented system is given by

o] = [ ][]
ve = [ Cr 0}[ k]—l—vk

with initial condition

Using Kalman filtering, we obtain the following results:

A, 0 A, 0 cr
Zk+1k = [ Ok I ] Zglk—1 T+ [ Ok I ] Z71~¢|1f—1 [ Ok ] *
cT !
<[ Cr 0] Spp—1 [ & ] +Rk> (ve — [ Cr 0 ] zgp—1)



Partition the matrix ;1 into

BPesije X1k

P =
1]k T ,
E1~c+1\k Pjik
with initial condition
. Tapi
Zjli—1 = [ K ]
Jli—1

which is obtainable from the normal Kalman filter equation for z;. From the augmented system, we
obtain the smoothing equation

Tjip = Tjp—1 + 2g\k_1cg(ckpk|k—1czz + R) " (yk — Crigje—1)
Similarly, the covariance equation is given by
Ap 0 AT 0 Ap 0 cf
Y = [ Ok I]Ekk—l[ Ok I]_{ Ok I:|Ekk—1[ Ok }*
ct - AT 0 Qr 0
<[Ck O]Zk|k_1|:0k:|+Rk> [Ck O]Ekk—l[ok I:|+|:0 0:|

Ap Py AL Akik\k—l

St AR Pipa
APy CF _ R
- 2;‘51@' légk (CiPyje—1Cr + Ry,) ™! [ CrPyi—1A7  Crpp—1 }
Qr O
* [ 0 0
Hence . R
Skaipk = [Ar — ArPrp—1CF (CuPrjp—1CF + Ri) 7' Crl -1
and

Py, = Pjj—1 — S 1CF (ChPrp—1CF + Ri) ™ CrSpgmn
This yields
k
Pjlior = Pie = 3o (Pjam1 = Fjjs)
= 2];:]'ZT ICE(CSPSIS—lcg+R5)_1CSES|8—1

s|s—

which is nondecreasing in k.



