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1. Problem 2.2

The observable representation of the ARMA equation is given by
Tpr1 = axg + (¢ + a)wg

The solution of the Lyapunov equation for the steady state covariance Y, is easily seen to be
given by
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Now the steady state mean square value of the output is given by
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which is the same result as that in Section 2.7.

2. Problem 2.3

A* can be determined as follows:
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The stationary covariance satisfies
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It is now easily verified that X — 3, where X is the covariance function determined previously.

For the output correlation function of the resulting stationary process, we can use the results of
Section 2.7. This gives, k > 0,
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Similarly, for k < 0,
R,(k) = Ox(AT)*oT
~ o] |
= [CATF2CT)T = —2.329 x 0.47% +3.623 x (0.2)7*

so that
R, (k) = —2.329 x 0.4% + 3.623 x 0.2/"

. Problem 2.5
In general, let the stochastic difference equation be given by
Yk + 1Yk—1 + G2Yp—2 = Wk

where wy, is zero mean, i.i.d. sequence with variance o2. The roots of the polynomial 2?4 a1z +as,
A1 and Ag, are distinct and lie in |z] < 1.

(i) The observable representation is given by
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This gives the equations
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Adding o2 to both sides of the o3 equation gives
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To diagonalize A = [ M A

}, we can use P = [ } where A\; and Ao are the
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For k=0, Ry(0) = 03 +1 =4.9804. Also, A\; = —0.3 and Ay = —0.8. For k > 0, we can use
eq. (2.54) to get (noting @ =1, H =1 in this case)
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The Lyapunov equation is now given by

ZzAZAT—ir[l 0}02

0 0
Let
. [ o1 02 }
o9 O3
Then
o1 092 _ [ —a; —ay o1 09 —a; 1 n a2 0
o9 03 N L 1 0 o9 O3 —a9 0 0 0
. [ —a1 —ag —Qa101 —Aag09 01 + O’2 0
- L 1 0 —Qa109 — Aa03 02 0 0
_ a%al + 2a1a909 + a%ag —a101 — 909 a2 0
o —a101 — A0 01 0 0
We get 01 = 03, 09 = —a101 — ag09
_ 2 2 2
01 = ajo1+ 2a1a002 + a503 + 0
a101
oy = ——
1+ as
2a2as
1—a2— g2 1 _ 2
o1 < ajy —as + 17 a o
14 as)o?
. (1 +a2) 3

1—a? — a3+ ag + alag — a3
a102
o2 = —
1— a2 — a3+ ag + a?ag — a3

For a; = 1.1, ap = 0.24, 0% =1,
o1 =4.9804 o9 = —4.4181

A1 A

T }, we can use [ 11 } to give

1 0

—a; —ag )\1 /\2

1 0 1 1
. —al)\l — as —al)\2 — an . [ )\1 )\2 )\1 0
B A A2 R 0 A

To diagonalize A = [

Thus

A [ A A [A 0] L =X
11 0 M |l-1 M

A1 — A2

=1 0l = B, (0) = 1000 | g |



R(k) = AkZ:>Ry(k:):[10][)‘1 AzHA’f 0 H 1 —&]

11 0 A& -1\
o1 09 1
1% a1

A1 — A2
TN A0 L =X o1
a LAz 0 )\15 -1 )\1 09

AL — A9
B 1 1 \ k41 o1 — X202
N )\1—)\2[)\1 )\2 ] —0o1 + A\o2
1

- [(01 = Xoo2) AT + (Mog — 1) A5 1]

Since the roots of the char. eq. are -0.8 and -0.3, substituting we get
R, (k) = —0.8676 x (—0.3)" + 5.848 x (—0.8)"

(iii) For the contour integration approach, we can write
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Hence the correlation function Ry (k) = ry, is given by

1 Zk—l

omi 74 0708 D1 1032 (1 +082)(1 £ 035~
1 zk—i—l
2mi 7{ (2 +0.8)(z + 0.3)(1 + 0.82)(1 + 0.32) dz
(—0.8)k+1 (—0.3)k+1
(—0.5)(0.36)(0.76) ' (0.5)(0.76)(0.91)
= 5.848(—0.8)F —0.8676(—0.3)F

Tk =

This agrees with the results computed previously.



