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Solutions to Probability Review Problems

1. (a) Let By,---, B, be a partition of 2, i.e.

BiﬁBj:qb
UB; = Q

P(A) = P(ANUBy)

= P(U(A

N B;)) = SP(AN By)

= X P(A|B;j)P(B;)

(b) Let A be the event that the final ball is blue and B the event that the first ball is blue.

P(A) = P(A|B)P(B) + P(A|B°)P(B°)
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2. First note that the conditional distribution function can also be written as

Ixy(@ly) = P(X =2,V =y|Y =y)

(a)

EXgW)Y =y] = > [zg)P(X =z,Y =u|]Y =y)]
B | PX=zY=uY=y)
RS =
B xP(X =z,Y =vy)
= ;g(y) P =)
= g))_zfxy(zly)
= gWEX]Y =y)

Hence we get E(Xg(Y)|Y) =g(Y)E(X]Y).



EEXY,2)Y =y = Y D aP(X =2y =y, Z=2)P(Y =y, Z = z|Y = y)]

B Z PX=x,Y=y,Z=2))PY =y,Z=2)

I —!EY—y)
B Z =)
= (X\Yzy)

Hence E[E(X|Y,Z2)|Y] = E(X|Y).

. We can determine E(K|N) by direct computation, as follows:

E(KIN=n) = Y kfgn(kln)
k=0
= Zk( Z )pk(l—p)"_k
= Z k!(n |p Fa—p)n

n! e
= Z(k—l)!(n—k)!pk(l_p) '

k=1
- (n—1)! _ 1) — (e
B L (e ) L A
n—1
= n (’I’L—l)' m(1 _ \(n—1)—m
p;(]m!((n—n_m)!p (1=p)
= np

Alternatively, we observe that for all z,

Zn:<z>xk:(1+x)"

k=0
Differentiating both sides with respect to x and multiplying the result throughout by x gives

Zk( )x =nx(l+z)"!

Set g=1—p and x = 2. Observe that
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which is the same result as before. Hence E(K|N) = pN. The interpretation of this result is
that given there are IV eggs and the probability of each egg hatching is p, we expect to get
pN chicks. Furthermore, E(K) = E(E(K|N)) = pE(N) = pA.

To get E(N|K), we need to find fy|x(n|k). Since

P(K =k,N =n)  fxn(kln)fn(n)
P(K=k) = P(K=k)

v (nlk) =
we need to find the probability mass function fx (k) = P(K = k). Now,

fr(k) = > P(K=kN=n)= mew(kln)fzv(n)
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n—kyn—k_—qg\
qrTEATT R
E(NIK =k) = s
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= k+ g\ (recall that the mean of a Poisson distribution with parameter g\ is g\)
so that E(N|K) = K + g\.
4. The transformation 7T taking (X1, X3) to (Y1, Y2) is given by

X1

(Y1,Y2) =T(X1, Xo) = (X1 + Xo, X2)



Now, X7 = Y5Xs so that Y7 = XoY5 + Xo. Hence Xy = 1}3,2 and X = }T{% Hence, the
inverse of 1" is given by

ivo 1

1+Y, 1+Y5

(X1, X2) =T HY1,Y2) = (

The Jacobian matrix is given by
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Using the transformation of density formula, we get

oz, x
ive(y1,y2) = le,X2(£L"1(y1,y2)7$2(y1,y2))|detM|
a(y17y2)
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Since X7 and Xy are nonnegative, so are Y7 and Ys. By the independence of X7 and X5, we
get

Y1Y2 Y1 Y1
M = )\2 _A
fY17Y2(y1 y2) exp{ (1+y2 1+y2)}(1+y2)2
= Nye M —— =g(y)h
ne N T 9(y1)h(y2)

Since fy; v, (y1,y2) factors into a product of a function of y; and a function of ys, Y7 and Y3
are independent. The marginal densitites are given by
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